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We discuss the interference in the two-particle distribution of the electrons emitted from two in-
dependent superconductors. It is clarified that, while the interference appearing in the antibunching
correlation is due to the Hanbury Brown and Twiss effect, that in the positive correlation due to
superconductivity is intrinsically different and is nothing but the first-order interference of Cooper
pairs emitted from different sources. This is the equivalent of the interference of two independent
Bose-Einstein condensates.
PACS numbers: 74.45.+c, 79.70.+q, 03.75.Dg
A spectacular phenomenon in the physics of cold
atomic gases is observed when two independently pre-
pared Bose-Einstein condensates (BECs) are released and
overlap, yielding interference fringes.1 Although parti-
cles emitted from independent sources do not normally
exhibit Young-type (first-order) interference,2 two inde-
pendent BECs do interfere. The simplest explanation
of this phenomenon is spontaneous symmetry breaking:3
the phases of the two gases are individually fixed upon
condensation and their difference (relative phase) be-
comes well defined, which enables BECs to interfere like
lasers. Such a coherence is one of the distinguished fea-
tures of condensed states.
The phenomenon of superconductivity is understand-
able as a kind of Bose-Einstein condensation. Although
electrons are fermions and a single electron can only oc-
cupy a single state, once Cooper pairs are formed, they
can condense like bosons as the system is cooled be-
low a critical temperature, entering the superconduct-
ing phase.4 In the standard description of superconduct-
ing (BCS) states, Cooper pairs are condensed and the
global U(1) symmetry is spontaneously broken.4 A natu-
ral question now arises: do Cooper pairs emitted from
two independent superconductors interfere like BECs?
Which kind of setup is required to reveal this interfer-
ence? This is the main issue we address in this paper.
Interestingly, we shall see that first-order interference of
Cooper pairs is disclosed by two detectors.
We consider field emission of electrons5 from two inde-
pendent superconductors into vacuum (Fig. 1). Detectors
do not detect Cooper pairs as a whole, but rather single
electrons. The electrons themselves are not condensed
in the sources, so that there is no definite phase relation-
ship between the electron wave functions originating from
the two different sources, and no first-order interference
like in a Young-type double-slit experiment. Interference
fringes are however found in the two-particle distribution
(second-order interference2). As we shall see, two kinds
of interference are present: one is due to the quantum ex-
change statistics, known as (the fermionic version of) the
Hanbury Brown and Twiss (HBT) effect,2,6–8 while the
other, intrinsically different, is clarified to be the first-
order interference of Cooper pairs emitted from different
sources: the latter is the equivalent of the interference of
two independent BECs.
We describe the emission of electrons from two super-
conductors A and B into vacuum9 by the Hamiltonian
H = HA +HB +HV + VA + VB,
10,11 where
Hℓ =
∑
σ=↑,↓
∫
d3kωkα
(ℓ)†
kσ α
(ℓ)
kσ , ωk =
√
ε2k + |∆|2, (1)
HV =
∑
σ=↑,↓
∫
d3p εpc
†
pσcpσ, εp =
p2
2m
− µ, (2)
Vℓ =
∑
σ=↑,↓
∫
d3p d3k T
(ℓ)
pk c
†
pσa
(ℓ)
kσ +H.c. (ℓ = A,B).
(3)
HA/B and HV are for the superconductors A/B and the
electrons in vacuum, respectively, while VA/B describe
the emission from A/B into vacuum. Coulomb repulsion
among the emitted electrons becomes relevant only at
much larger current densities than in typical experiments
and can be neglected.5,11 The operators α
(ℓ)
kσ (quasiparti-
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FIG. 1: (Color online) Electrons are emitted from two in-
dependent superconductors A and B, with the phases of the
superconducting states φA and φB, respectively, and we count
coincidences at r1 and r2 (r1 = r2 = r). The emitting regions,
both of size w, are separated by d. The directions to the de-
tectors 1 and 2 are specified by the angles θ1 and θ2 measured
from the dashed line perpendicular to d.
2cle) and a
(ℓ)
kσ (electron) are related by
4
(
a
(ℓ)
k↑
a
(ℓ)†
−k↓
)
=
(
uk −vkeiφℓ
vke
−iφℓ uk
)(
α
(ℓ)
k↑
α
(ℓ)†
−k↓
)
(ℓ = A,B),
(4)
with uk =
√
(1 + εk/ωk)/2 and vk =
√
(1− εk/ωk)/2.
We set ~ = 1 and assume that the Fermi levels of the su-
perconductors are the same, µA = µB = µ, and the gap
parameters ∆A/B = |∆|eiφA/B are of the same magnitude
but with different phases. Note that the U(1) symmetry
of the system is broken on the basis of the standard BCS
theory and the superconductors are endowed with con-
stant phases φA/B .
4 The transmission matrices are
T
(A)
pk = e
−i(p−k)·d/2Tpk, T
(B)
pk = e
i(p−k)·d/2Tpk, (5)
where Tpk = λh(p)g˜(p − k) with g˜(k) = e−k2w2/2,
h(p) = eεp/2EC : electrons are emitted from regions of
radius w with tunneling probability ∝ |h(p)|2, and the
momentum transfer is ruled by g˜(p− k),11,12 with emit-
ting regions displaced in space by ±d/2. EC character-
izes the low-energy cutoff of the tunneling probability
and λ the strength of the emission.
At time t = 0, the emitters are in the BCS states with
independently fixed phases φA/B , while there is no elec-
tron outside. Electrons then start to be emitted accord-
ing to the Hamiltonian (1)–(3), and the emitted beam
approaches a non-equilibrium steady state (NESS)13 at
t→∞, in which we compute the normalized two-particle
distribution at a given instant,2,11,12
Q(r1, r2) =
∑
σ1,σ2
〈ψ†σ1(r1)ψ†σ2(r2)ψσ2(r2)ψσ1 (r1)〉∑
σ1,σ2
〈ψ†σ1(r1)ψσ1 (r1)〉〈ψ†σ2 (r2)ψσ2(r2)〉
= 1− |γ(r1, r2)|
2 − |χ(r1, r2)|2
2γ(r1, r1)γ(r2, r2)
, (6)
where ψσ(r) =
∫
d3p cpσe
ip·r/
√
(2π)3 is the field opera-
tor of the electrons in vacuum, and
γ(r1, r2) = 〈ψ†↑(r1)ψ↑(r2)〉 = 〈ψ†↓(r1)ψ↓(r2)〉, (7)
χ(r1, r2) = 〈ψ↑(r1)ψ↓(r2)〉 = −〈ψ↓(r1)ψ↑(r2)〉. (8)
Up to second order in Vℓ, both γ and χ are given
by the sum of two contributions, from emitters A
and B. The two contributions differ only for the
phases of T
(A/B)
pk , due to the spatial displacement of
the emitters, and for the phases of the superconduc-
tors φA/B in Bogoliubov’s transformation (4). γ and
χ in the NESS (t → ∞), at far places (r → ∞),
for d/r, EC/µ, kFw
2/r, kFd
2/r, e−2k
2
Fw
2 ≪ 1 (with the
Fermi momentum kF = 2π/λF =
√
2mµ), are estimated
to be11
γ(r1, r2) ≃ 2 cos[kF (rˆ1 − rˆ2) · d/2]γ0(r1, r2), (9)
χ(r1, r2) ≃ 2eiφ¯ cos[kF (rˆ1 + rˆ2) · d/2−∆φ/2]
× χ0(r1, r2,d), (10)
where
γ0(r1, r2) = Ae
−4k2Fw
2 sin2[(θ1−θ2)/4]|∆|K1(|∆|/EC),
(11)
χ0(r1, r2,d) =
π
4i
A|∆|e2ikF r
×
[
e−4k
2
Fw
2 sin2[(π−|θ1−θ2|)/4]e−[(rˆ1−rˆ2)·d]
2/16π2ξ2−ir/2π2kF ξ
2
H
(2)
0
(
iw2
π2ξ2 +
i[(rˆ1−rˆ2)·d]
2
16π2ξ2 − r2π2kF ξ2
)
− 4/π√
ir/kFw2
e−k
2
Fw
2 sin2[(π−θ1+θ2)/2]eikF [(rˆ1−rˆ2)·d]
2/16r
]
(|θ1 − θ2| ≤ π),
(12)
K1(z) and H
(2)
0 (z) are Bessel and Hankel functions, re-
spectively, and A = 2π2mkFλ
2/w2r2. Pippard’s length
ξ = kF /πm|∆| characterizes the extension of a Cooper
pair in the superconductors,4 ∆φ = φA − φB , and
φ¯ = (φA + φB)/2.
As discussed in Ref. 11 for the single-emitter case, γ
describes the one-particle state of the emitted electrons,
while χ represents the pair correlation. γ exhibits cor-
relations for θ1 − θ2 ∼ 0, while χ for θ1 − θ2 ∼ π. As
is clear from (6), γ reduces the coincidence counts for
electrons detected in collinear directions (antibunching),
while χ enhances it for electrons emitted in opposite di-
rections (bunching). Notice that χ is absent for normal
emitters. It describes the emission of a Cooper pair (An-
dreev process), and the correlation at θ1−θ2 ∼ π reflects
the Cooper pairing of momenta k and −k: the two elec-
trons of a Cooper pair are emitted in opposite directions.
Since a Cooper pair is spin-singlet, its wave function is
symmetric in space, yielding positive correlation.14
In the case of the double emitters, interference fringes
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FIG. 2: (Color online) Correlation function δQ(θ1, θ2) = Q−1
for different placements of the detectors. The interference pat-
tern in the bunching correlation (indicated by “bunching”) is
affected by the relative phase∆φ, while that in the antibunch-
ing (indicated by “antibunching”) is not.
appear in the antibunching envelope of γ0 and in the
bunching one of χ0: the A and B contributions inter-
fere. See (9)–(10) and Fig. 2. The fringe spacing is
given by δθi = 2π/kFd (for θi ∼ 0, i = 1, 2), while
the widths of the envelopes are ∆θ ∼ 1/kFw. Notice
that no interference is observed in the one-particle dis-
tribution ∝ γ(r, r) = 2A|∆|K1(|∆|/EC) (no first-order
interference), since the two emitters are independent.
Observe now that the interference fringes in the anti-
bunching and bunching correlations behave in different
ways, due to the different signs of kF (rˆ1 ∓ rˆ2) · d/2 in
(9)–(10). In fact, the bunching profile does not oscillate
when the detectors are moved according to θ1 = −θ2
[Fig. 2(b)], while no fringes show up in the antibunch-
ing correlation for θ1 = π − θ2 [Fig. 2(c)]. There is an-
other remarkable difference between the interferences in
the bunching and antibunching correlations: the former
interference is affected by the phases of the two super-
conductors, as can be clearly seen in Fig. 2(a).
These differences suggest that the interference in the
antibunching and that in the bunching have different
physical origins. First of all, the latter interference is ab-
sent for normal emitters, while the former is essentially
irrelevant to superconductivity. The former is due to
the HBT effect and is a consequence of the superposition
of the following two alternatives: in one case an electron
goes from emitter A to detector 1 and the other one from
B to 2, while in the other case they travel from A to 2
(a) (b)
d
A
B
1
2
d
A
B
12
FIG. 3: (Color online) Interfering processes (solid lines vs
dashed) giving rise to the fringes in the antibunching correla-
tion (a) and to those in the bunching one (b).
and from B to 1 [Fig. 3(a)]. These two processes with
the destinations interchanged are indistinguishable and
are to be superposed according to the Fermi statistics,
resulting in the interference in the antibunching correla-
tion. Actually, in the far-field regime, the two-particle
wave functions for these two alternatives differ only for
the phases, i.e., e−ikF rˆ1·d/2eikF rˆ2·d/2 for the former case
and e−ikF rˆ2·d/2eikF rˆ1·d/2 for the latter,15 whose superpo-
sition yields the interference term ∼ cos[kF (rˆ1 − rˆ2) · d],
which is the origin of the oscillation in |γ(r1, r2)|2 [see
(9)]. The interference fringes in the bunching correla-
tion, on the other hand, is due to the superposition of
different alternatives. Look at the correlation function
χ in (10). It is the superposition of the following two
contributions:
χ(r1, r2) = e
iφAe−ikF (rˆ1+rˆ2)·d/2χ0(r1, r2,d)
+ eiφBeikF (rˆ1+rˆ2)·d/2χ0(r1, r2,−d), (13)
i.e., both electrons originate from a Cooper pair in A in
the first term, while both from a Cooper pair in B in the
second [Fig. 3(b)]. This is different from the superposi-
tion giving rise to the HBT effect [Fig. 3(a)]. Instead,
Eq. (13) is the superposition of the wave functions of a
single Cooper pair originating from A and B. Equation
(13) is the first-order interference of a Cooper pair from
independent sources (whose phases are well defined) and
is the equivalent of the interference of BECs. Notice that,
while the HBT effect is insensitive to the phases of the
two sources, the interference of Cooper pairs is sensitive
to them. Cooper pairs from different sources can exhibit
interference, thanks to the fixed phases of the BCS states
due to symmetry breaking, exactly like in the case of the
interference of BECs. Interestingly, in order to probe
this first-order interference, two detectors are required.
Each Cooper pair is not detected as a whole by a single
detector, but is captured by a pair of coincident detec-
tions in opposite directions. The first-order interference
of Cooper pairs is disclosed by the detections of single
electrons by one detector under the condition that the
other detector in the opposite direction clicks.
The interference of Cooper pairs from independent
sources bears the following interesting features. Con-
trary to the case of a superconducting quantum inter-
ference device (SQUID), the phases of the two super-
conductors are not fixed by an external parameter, e.g.,
by a magnetic field, since a Josephson current, which
would tend to align the phases, is absent. This assump-
tion is reasonable, since the strong electric field drives
4the electrons away from the emitters and there is no
current flowing between the two superconductors. As
a result, each time the system undergoes the supercon-
ducting phase transition, the relative phase ∆φ assumes
a different value varying randomly from 0 to 2π. Such
a change would be observed by repeatedly breaking the
superconducting state, e.g., by heating or passing a high
current through one of the tips and waiting for a new
realization of the superconducting state.5 In an actual
experiment, the spatial distribution of the emitted elec-
trons may be distorted, since the extracting field is not
likely spherically symmetric, or the surface of the tip may
not be smooth. For these reasons, the contributions of
the bunching and antibunching effects may overlap. In
such a case, the effects due to Cooper pairs are detected
by repeatedly breaking the superconducting state. Any
change in the correlation pattern after the recovery of
the superconducting state is attributed to the Cooper-
pair correlation. Another interesting change in the in-
terference pattern can also be observed. As the emission
goes on, new electrons are supplied to the superconduc-
tors. They are not paired to the emitted ones and newly
formed Cooper pairs may assume different phases. The
experiments of the type discussed here may detect such
evolution of the phase of the superconductor.
We finally comment on the feasibility of the present
scheme. The Young-type (first-order) interference of elec-
trons in vacuum has been observed with fairly good vis-
ibility in various field-emission experiments,16,17 proving
that decoherence during propagation in vacuum is neg-
ligible. A coincidence experiment has recently been car-
ried out with electrons field-emitted from a single non-
superconducting tip, to test the antibunching (second-
order interference) of electrons in vacuum.7 In addition,
field emission from a superconductor has been reported in
Ref. 5. All these experimental achievements support the
feasibility of the present scheme. Typical parameters in
the ordinary field-emission experiments are w ∼ 50 nm,
r ∼ 10 cm, λF ∼ 0.3 nm, and EC ∼ 0.1 eV. For a gap
parameter |∆| ∼ 10−3 eV, the height of the positive peak
is estimated to be δQ ∼ 10−4. The angular width of
the positive peak is ∆θ ∼ 10−3, while the angular fringe
spacing is δθ ∼ 10−4 for d ∼ 1µm: magnification of the
electron beams7,17 by a factor ∼ 102 leads to the fringe
spacing ∼ 1mm. The decay of the positive correlation in
the delay time τ is slow like ∼ |∆τ |−1,11 and a long coher-
ence time is expected, which is of order∼ |∆|−1 ∼ 1 ps for
the above gap parameter and is a bit shorter than the re-
sponse time ∼ 10 ps of the detector employed in the coin-
cidence experiment in Ref. 7. The detector resolution in
field-emission measurements is steadily improving, both
in space17 and time,18 and various kinds of strong su-
perconductors have been discovered these years, which
would provide a better experimental configuration. Note
that the strength of the positive correlation is roughly
proportional to δQ ∝ |∆|2/E2C .
In summary, we have discussed the interference in the
two-particle distribution of the electrons field-emitted
from two independent superconductors. Interference
fringes appear in the antibunching and bunching corre-
lations. It has been clarified that the latter interference
is intrinsically different from the HBT effect and is noth-
ing but the first-order interference of Cooper pairs from
independent sources. This is the equivalent of the inter-
ference of independent BECs. This interference appears
with definite fringe spacing but with different offsets for
different realizations of the superconducting states.
The above arguments are based on the idea of the BCS
states with fixed phases. It is worth recalling however
that interference between BECs shows up even if the
number of the atoms in each cloud is fixed and finite,
i.e., in the absence of symmetry breaking. The relative
phase is established by the measurements of the posi-
tions of the atoms in the clouds and interference fringes
are found at each snapshot.19 It would be interesting to
explore such a possibility and explain the appearance of
the phases of the superconductors without resorting to
the concept of the spontaneous symmetry breaking.
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